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Efficient Langevin and Monte Carlo sampling algorithms: the case of
field-theoretic simulations

B. Vorselaarsa)

School of Mathematics and Physics, University of Lincoln, Brayford Pool, Lincoln LN6 7TS,
United Kingdom

We introduce Langevin sampling algorithms to field-theoretic simulations (FTS) of polymers that for the
same accuracy are approximately 10× more efficient than a previously used Brownian dynamics algorithm
that used predictor corrector for such simulations, over 10× more efficient than smart Monte Carlo (SMC),
and typically over 1000× more efficient than a simple MC algorithm. These algorithms are known as the
Leimkuhler-Matthews (the BAOAB-limited) method and the BAOAB method. Furthermore, the FTS allow
for an improved MC algorithm based on the Ornstein-Uhlenbeck process (OU MC), which is 2× more efficient
than SMC. The efficiency on the system size for the sampling algorithms is presented, and it is shown that
the aforementioned MC algorithms do not scale well with system sizes. Hence for larger sizes the efficiency
difference between the Langevin and MC algorithms are even greater, although for SMC and OU MC the
scaling is less unfavourable than the simple MC.

(10 February 2023)

I. INTRODUCTION

In statistical mechanics Boltzmann ensemble averages
at constant temperature T = (kBβ)−1 of an observable
A as in

〈A〉 =

∫
A(~x) exp(−βU(~x))d~x∫

exp(−βU(~x))d~x

are often needed to study equilibrium behaviour.1,2 Since
these integrals typically cannot be calculated analytically
one has to resort to other techniques. Instead of aver-
aging over uniformly distributed or random points {~x1,
~x2, . . .} in phase space, a more efficient algorithm is the
Metropolis Monte Carlo (MC) scheme. In this case the
attempted point ~xn+1⁄2 is a random step ∆~xn+1⁄2 from
the current point, ~xn. To sample over the correct Boltz-
mann distribution the move is accepted (~xn+1 = ~xn+1⁄2)
if the dimensionless energy βU(~xn+1⁄2) is either lower
than βU(~xn) or only accepted with a certain probability
p = exp(−β(U(~xn+1⁄2)− U(~xn))) if the energy increases.
In case of rejection ~xn+1 = ~xn. Yet another alternative is
to sample along a (stochastic) trajectory in phase space
using Brownian or Langevin dynamics.

An application of these sampling algorithms is field-
theoretic simulation (FTS) of polymeric materials, such
as block copolymer melts, to determine their phase
behaviour.3 The FTS method arises from transforming
the monomer-monomer interactions into indirect interac-
tions via auxiliary fields. Traditionally the saddle point
approximation for these fields is employed. This results
to the well-known self-consistent field theory (SCFT) for
polymers, developed by Helfand and others.3–6 Here the
fields are determined self-consistently, thereby negating
the need for these sampling algorithms. This comes at
a cost; for example, compositional fluctuations that lead
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to shifts in phase boundaries are neglected. Complex-
FTS,7,8 on the other hand, is not limited by this approx-
imation. As a result, ensemble-averaging over the allowed
field values is required. In real-FTS9,10 a partial sad-
dle point approximation is made, which implies sampling
over one field and self-consistently determining the other
field. Both Metropolis MC9,11 and Langevin/Brownian
dynamics sampling12,13 are often applied, although the
latter is becoming more common.

In the current study we discuss various MC, Brown-
ian dynamics (BD) and Langevin sampling algorithms,
of which some are new. We focus on applying them
to real-FTS, but these can equally be used in alterna-
tive (polymer) simulations methods (e.g., MesoDyn14)
or other sampling problems within statistical mechan-
ics such as quantum MC (or even beyond, such as ma-
chine learning). We establish massive algorithmic im-
provements, with the best one a factor of 10 faster than
previously applied to real-FTS.13

The remaining of the paper is organized as follows. In
Sec. II the various algorithms are presented. In Sec. III
the FTS method is summarized. In Sec. IV we develop
a appropriate measure for the efficiency. In Sec. V we
investigate the efficiencies and numerical inaccuracies of
the various algorithms when applied to FTS. We conclude
in Sec. VI with a summary, discussion and outlook.

II. DESCRIPTIONS OF THE SAMPLING ALGORITHMS

The preferred sampling algorithm follows from a bal-
ance between moving efficiently through phase space and
limiting potential discretization errors in doing so. Tak-
ing larger steps implies sampling more independent con-
figurations per step (thereby increasing the efficiency),
but often at the cost of larger integration errors (thereby
sacrificing accuracy).
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A. Simple MC

Let us first consider a Metropolis-based Monte Carlo
(MC) scheme. The benefit of such scheme is that there
are no discretisation errors. The drawback, though, is
that the move is not always accepted if the attempted
moves lead to a higher energy. This is a serious draw-
back, since no new point in phase space is sampled during
such a rejection, and hence it has a direct effect on its ef-
ficiency. With the Metropolis scheme moves are only ac-
cepted if the energy increase is of the order of kBT = β−1.
E.g., a move with an energy increase of 7kBT has a prob-
ability of exp(−7) ≈ 0.1% of acceptance. An upper limit
is an energy increase of 105 kBT , for which there is on
average even less than one acceptance event in total if
every human on earth runs a simulation for the age of
the universe, with each using a supercomputer having a
capacity of around 1 exaFlops (current top #1).

For simulating (atomistic) particle-based systems con-
sisting of N particles as with molecular dynamics with
short-ranged forces2 the finite energy limitation is not
an issue. In this case perturbing one particle only af-
fects the interaction with neighbouring particles, a finite
number that is independent of system size, and the asso-
ciated computational cost is therefore also independent
of system size. Hence the computational cost of moving
all particles once on average is O(1)×O(N) = O(N) so
directly proportional to system size, N .

With field-theoretic simulations (FTS), discussed in
Sec. III, a modified diffusion equation spanning the en-
tire system is solved after every change in the fields. The
cost is therefore proportional to the amount of grid points
M , O(M), which is proportional to the size of the phys-
ical system. For some algorithms it is even more, such
as the commonly employed pseudospectral method.15 It
involves a fast Fourier transform, with resulting cost
O(M log(M)), but this additional logarithmic term will
not be considered further. So, if each individual grid
point is updated independently and each independent up-
date involves an O(M) operation, the cost to change the
entire system is O(M) × O(M) = O(M2). This square
dependence on the system size is therefore extremely un-
favourable.

One could consider a different strategy, namely to mod-
ify the field for every grid point at the same time, a
global MC move and hereafter called simple MC (ta-
ble I).9,11 One may conclude that the computational cost
is then O(M) + O(M) = O(M) (updating the fields at
each position, and then solving the diffusion equation
for the newly generated fields). This is, however, not
the system-size dependent cost of sampling the configu-
rational space as we will now illustrate. Assume, for the
sake of argument, that the change in field for each grid
cell involves an energy change of around ∆e and that all
these energy changes are independent. Then the total
(squared) energy change is the sum of their variances,

∆E2 ≈ M∆e2, or |∆E| ≈
√
M |∆e|. The acceptance is

only high when this is lower than around 7kBT . This

would limit the maximum energy change per grid cell
for MC to |∆e|MC ≈ 7kBT/

√
M . In other words, for a

larger system the allowable energy change per grid cell
needs to be decreased, otherwise the acceptance would
go down exponentially. Furthermore, assuming that each
grid cell is an independent degree of freedom, the typical
variation in the energy is |∆e|max ≈ kBT . The incre-
ments after each global MC move are independent, and
hence one needs O(M) moves with typical energy ampli-

tude |∆e|/
√
M to fully explore each independent degree

of freedom. Since the cost per field-altering move in FTS
is O(M), also for a global MC move the cost of the al-
gorithm to sufficiently explore each degree of freedom is
O(M) × O(M) = O(M2). This system-dependence is
verified numerically later, and it implies it is almost im-
possible to do large-scale simulations using such a simple
MC method.

B. Dynamical and advanced MC algorithms

An alternative for sampling the Boltzmann distribu-
tion is to use Langevin dynamics. For ease of notation,
we assume 1D dynamics, so ~x becomes x. The Langevin
equation of motion equals16

µẍ+ ζẋ = F (x) + ζg(t) (1)

where the particle with position x and mass µ is under

the influence of a external force F (x) = −∂E(x)
∂x , a fric-

tion force −ζẋ with friction coefficient ζ, and a random
(Langevin) force g(t) with zero mean and second moment
〈g(t)g(t′)〉 = 2Dxδ(t− t′). The Brownian dynamics (BD)
equation of motion follows from neglecting the inertial
term in eq. 1

ζẋ = F (x) + ζg(t) (2)

A zero external force then implies a purely diffusive par-
ticle with diffusion coefficient Dx = kBT

ζ . Note that eq. 2

is also often called a Langevin equation. We adopt the
convention to call it Brownian dynamics if the resulting
algorithm is Markovian,17 in that the probability of go-
ing to the next state only depends on the current state
characterized by x.

A straightforward method of discretizing eq. 2 is for-
ward Euler,

xn+1 = xn + ∆tF (xn)/ζ + gn (3)

where xn = x(tn) and tn = t0 +n∆t with ∆t the integra-
tion timestep. The fluctuating force is gn =

√
2Dx∆tZn

with Zn a random variable taken from a Gaussian distri-
bution with unit variance and zero mean. Eq. 3 is known
as Ermak18,19 Brownian dynamics and we will refer to it
as such. This Markov process is also known as the Euler-
Maruyama method20,21 The total computational cost for
this algorithm for exploring phase space as a function
of the number of grid points M is O(M) – much better
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than the square dependence for simple MC (as deduced
in Sec. II A). A drawback, though, is that the integration
is not exact anymore – the time averages of discrete tra-
jectories with this have an error proportional to ∆t, and
hence the method is known as a first-order method.

The Ermak method combined with the MC method
results in the so-called smart Monte Carlo (SMC)
method.22 Eq. 3 can be seen as a random walk in space
but with a biased stepsize in the direction of ∆tF (xn)/ζ.
For this the acceptance criterion needs modifying, the
result is in table I. Because of the biased motion of the
particle in its natural direction, the acceptance probabil-
ity is typically much higher than the simple MC method.
We now again have no integration error, but as we will
see later, this comes at a price. The scaling with sys-
tem size is ≈ O(M4/3). This is still more unfavourable
than O(M) for Ermak BD, although better than O(M2)
for simple MC. SMC is also known as the Metropolis-
adjusted Langevin algorithm, or simply Langevin Monte
Carlo. The related hybrid Monte Carlo method23 reduces
to smart Monte Carlo if the velocities at each timestep
are taken from a Boltzmann distribution.2

Yet another algorithm can be derived, which works well
for parabolic or nearly parabolic potentials. It is based
on the fact that various quantities for a diffusing particle
inside a parabolic potential with spring constant k, also
known as the Ornstein-Uhlenbeck (OU) process, have
simple analytical expressions.24 In particular, the algo-
rithm by Gillespie25 is an exact discretization scheme for
any timestep, provided the potential is purely parabolic.
We generalize this for non-parabolic potentials by consid-
ering the Hessian of the potential to determine the local
spring constants. In 1D this reads

xn+1 = xn + cn(x0,n − xn) + dnZn

with the minimum of the locally parabolic potential
given by x0,n = xn + Fn/kn, the coefficient cn = 1 −
exp(−∆t/τn), the time constant τn = 1/kn, the force
by Fn = −∂U/∂x|x=xn , the local spring constant by

kn = ∂2U/∂x2|x=xn , dn =
√
Dxτn

√
1− exp(−2∆t/τn)

and Zn as before. This algorithm still works well for
potentials that are nearly parabolic. In any case, the po-
tential should not have inflection points (kn = 0, such as
with a sinusoidal potential, since then the minimum of
the potential x0,n diverges) or even negative local spring
constants (kn < 0). As we will see, these conditions are
met for the FTS under consideration. We can modify
this algorithm into a biased Monte Carlo method (sim-
ilar to going from Ermak BD to smart MC), since it is
again a random walk with a biased stepsize in the direc-
tion cn(x0,n − xn). We will call this new algorithm the
OU MC method.

A way to improve the sampling is to go for a higher
order algorithm, such as the predictor corrector (PC) al-
gorithm previously used with FTS.13,26 The first stage is
to predict a new position with the Ermak BD method,
and the second stage to re-evaluate the force at this po-

sition to come up with a corrected position

xn+1⁄2 = xn + ∆tF (xn)/ζ + gn

xn+1 = xn + ∆t(F (xn) + F (xn+1⁄2))/(2ζ) + gn
(4)

This algorithm needs two force evaluations per integra-
tion step. There is also a PC algorithm with one force
evaluation per integration step, the predictor-evaluate-
correct (PEC),27 but we will not consider this further
here.

Another higher-order algorithm is the following28,29

xn+1 = xn + ∆tF (xn)/ζ + (gn + gn+1) /2 (5)

This algorithm (referred to subsequently herein as the
Leimkuhler-Matthews (LM) method) has been derived
from the large friction limit of the BAOAB method
for the Langevin equation including inertial term and
hence originally also called the BAOAB-limit method.
The probability of going to the next state xn+1 now
also depends on the noise at a previous timestep and
hence not solely on xn anymore. Therefore it is not a
Markovian algorithm,30 and we therefore classify it as a
Langevin method. Note that it bears similarity with the
implicit (second order) trapezoid method for the ODE
ẏ(t) = h(t, y(t)), which is yn+1 = yn + ∆t(h(tn, yn)/2 +
h(tn+1, yn+1)) and has the property that it is time-
symmetric.31 To evaluate the force at the next point in
time n+ 1 generally involves solving an implicit relation,
but it is straightforward to evaluate the random noise
term. The similarity is that eq. 5 is also time-symmetric
for the noise term that is proportional to ∆t1/2.

For the case of zero external potential (F (x) = 0), the
diffusion coefficient of the particle described by the Er-
mak BD algorithm coincides exactly with the analytical
result of the overdamped Langevin equation. The same
is true for the PC method and the simple/smart/OU MC
methods (since they are then rejection-free). For the LM
method, however, this is only valid for the long-time dif-
fusion coefficient. After one integration step the variance
of the total noise term is only half of what would be ex-
pected for a random walker. However, this is not an issue,
since we are not interested in dynamics but in efficient
sampling of configuration space.

The description of the considered algorithms are sum-
marized in table I and their characteristics in table II.
Later on we will conclude that eq. 5 has the most
favourable properties of all algorithms discussed so far,
and it is therefore our preferred sampling algorithm
among the ones presented. One underlying reason is that
the expectation value for the spring energy in a parabolic
potential is exact for this algorithm.29

In the FTS literature other algorithms have been
considered.12,26,32 Most of these are based on colored spa-
tial noise. Also, a field-updating Monte Carlo method
has been developed, in which the move takes place in
Fourier space and the amplitude is based on the structure
factor.11 To have a manageable amount of algorithms
these will not be considered in the current study.
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method algorithm

simple Monte Carlo xn+1⁄2 = xn +
√

24∆t(pn− 1/2), xn+1 = xn+1⁄2 if pn+1⁄2 < exp(−(En+1⁄2−En)) otherwise
xn+1 = xn, with En = U(xn)

smart Monte Carlo xn+1⁄2 = xn + ∆tFn +
√

2∆tZn, xn+1 = xn+1⁄2 if pn+1⁄2 < exp(−(En+1⁄2,n − En,n+1⁄2))
otherwise xn+1 = xn, with En,m = U(xn) + (xm − xn −∆tFn)2/(4∆t)

Ornstein-Uhlenbeck Monte Carlo xn+1⁄2 = xn + cn(x0,n − xn) + dnZn, with x0,n = xn + Fn/kn, τn = 1/kn, cn = 1 −
exp(−∆t/τn), dn =

√
τn

√
1− exp(−2∆t/τn), xn+1 = xn+1⁄2 if pn+1⁄2 < exp(−(En+1⁄2,n−

En,n+1⁄2)), otherwise xn+1 = xn, with En,m = U(xn) + (xm−xn− cn(x0,n−xn))2/(2d2
n)

Ermak Brownian dyn. xn+1 = xn + ∆tFn +
√

2∆tZn

predictor corrector Brownian dyn. xn+1⁄2 = xn + ∆tFn +
√

2∆tZn, xn+1 = xn + ∆t
2

(Fn + Fn+1⁄2) +
√

2∆tZn

Ornstein-Uhlenbeck Brownian dyn. xn+1 = xn + cn(x0,n − xn) + dnZn, with x0,n = xn + Fn/kn, τn = 1/kn, cn = 1 −
exp(−∆t/τn), dn =

√
τn

√
1− exp(−2∆t/τn)

Leimkuhler-Matthews Langevin dyn. xn+1 = xn + ∆tFn +
√

∆t/2(Zn + Zn+1)

TABLE I. Description of the various algorithms. Here Zn is a random variable with Gaussian distribution of unit variance
and zero mean, n a natural number, pn a random variable with uniform distribution between 0 and 1, Fn = −∂U/∂x|x=xn ,
kn = ∂2U/∂x2|x=xn . Positions with half-integral indices are discarded as observables, x is assumed to be 1D (although
generalizations to higher dimensions are straightforward), the inverse temperature is assumed to be 1, β = 1/(kBT ) = 1 as well
as the diffusion coefficient, Dx = 1 (hence ζ = kBT/Dx = 1).

method system size scaling # force eval./step order algorithm energy invar. stability crit. memory

simple Monte Carlo O(M2) cF = 1 exact yes uncond. stable no, cD = 1

smart Monte Carlo O(M4/3)a cF = 1 exact yes uncond. stable no, cD = 1

Ornstein-Uhlenbeck Monte Carlo O(M4/3)a cF = 1 exact yes uncond. stable no, cD = 1

Ermak Brownian dyn. O(M) cF = 1 O(∆t) no ∆t < 2kBT
kD

no, cD = 1

predictor corrector Brownian dyn. O(M) cF = 2 O(∆t2) no ∆t < 2kBT
kD

no, cD = 1

Leimkuhler-Matthews Langev. dyn. O(M) cF = 1 O(∆t2) yes ∆t < 2kBT
kD

yes, cD = 2

a Determined later from numerical FTS results for M in the range 83 to 643.

TABLE II. Characteristics of the various algorithms. The number of force or energy evaluations for MC is given by cF . The
energy invariance refers to whether the algorithm determines the exact value of the equilibrium energy of a parabolic potential.
The stability criterion refers to whether there is any constraint on the timestep, for stability reasons. For kBT = 1 = Dx we
have 2kBT

kDx
= 2/k. The ratio of the diffusion coefficient with the estimated diffusion coefficient based on the MSD of the energy

after one integration timestep is given by cD.

III. FTS

The field-theoretic simulations (FTS) of block copoly-
mers on which we test the algorithms have been previ-
ously employed by the author.33,34 In short, the linear
polymer chains consist of monomers of type A or B ar-
ranged in two blocks, of which the total fraction of the
A block is f : diblock copolymers. To reduce the num-
ber of parameters the polymers are assumed to be in an
incompressible melt – at each position ~r the sum of the
two segmental densities is constant, ρ̂A(~r) + ρ̂B(~r) = ρ,

or in terms of (instantaneous) volume fractions φ̂A(~r) +

φ̂B(~r) = 1. The A and B monomers repel each other

resulting in the repulsion term χNφ̂A(~r)φ̂B(~r) with χ
the Flory-Huggins parameter for one monomer and N
the number of monomers in a chain. The accompanying

partition function in the canonical ensemble is

Z ∼
∫

exp (−βHc[{~rα}]) δ(φ̂A + φ̂B − 1)

nc∏
α=1

D~rα (6)

where the integral is over all possible segment positions
of every chain. Here β = 1/(kBT ) is the inverse tem-
perature, nc is the total number of chains in the system
and ~rα(s) the position of chain α along the contour s,
s ∈ [0, 1]. The Hamiltonian due to the segmental repul-
sion and chain extension is

βHc[{~rα}] = ρcχN

∫
φ̂Aφ̂Bd~r +

3

2R2
0

nc∑
α=1

∫ 1

0

|~r′α|2ds

with R0 = a
√
N the unperturbed end-to-end-distance,

and a the statistical segment length. The associated in-
variant degree of polymerization is N̄ = (R3

0ρc)
2 where

ρc = nc/V is the chain density and V the volume of the
system.
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Using a Hubbard-Stratonovich transformation3,10 the
direct segment-segment interactions including the incom-
pressibility constraint change into interactions with com-
positional field W−(~r) and pressure field W+(~r). The
resulting field-based Hamiltonian is

βH[W−,W+] = −nc log(Q)+ρc

∫ (
W 2
−

χN
−W+

)
d~r (7)

with Q[W−,W+] the partition function of a single-chain
under the influence of the fields W±. We consider real
FTS11,33 (aka the external potential theory10,35), where
we take the saddle point approximation for the pressure
field, W+ → w+, turning the partition function into

Z ∼
∫

exp (−βH[W−, w+])DW− (8)

The space is subsequently discretized onto a grid, so that
eq. 8 transforms to

Z ∼
∫

exp (−βH({W−,i}, {w+,i}))
M∏
i=1

dW−,i (9)

where W−,i = W−(~ri) (similarly for w+,i), ~ri is the (cen-
tre) position of the ith grid cell and M the number of
grid cells.

Eq. 9, or rather the free energy G = −kBT log(Z), is
evaluated by sampling over {W−,i}. For this we need the
functional derivatives of H with respect to W−,

DβH
DW−

= ρcφ− +
2ρc
χN

W− (10)

Alternatively, for every grid point we have

∂βH

∂W−,i
=
ncφ−,i
M

+
2nc
MχN

W−,i (11)

For some algorithms the second (functional) derivatives
are needed,

D2βH

DW−(~r1)DW−(~r2)
=

2ρc
χN

δ(~r1 − ~r2) (12)

∂2βH

∂W 2
−,i

=
2nc
MχN

(13)

Numerical and computational methods in use are as
follows. The single-chain partition function is deter-
mined by solving a modified diffusion equation using the
pseudo-spectral method15 with ns = 64 segmental steps
and employing Richardson extrapolation.36 To find the
self-consistent field w+ typically an iterative approach
is taken.5,11 We iterate w+ until the error in the incom-
pressibility constraint is smaller than a certain threshold,

err =
(

1
V

∫
(φ+(~r)− 1)2d~r

)1/2
< 10−4. Anderson mixing

is used to speed up the iteration as compared to simple

mixing.33,37–39 In particular, Anderson mixing is enabled
when the error err < τ = 0.1. In case the error exceeds
this threshold, simple mixing with an adaptive mixing
parameter is used.37 GPUs are employed for large sys-
tem sizes.33

The FTS system we study here is a periodic cubic box
with side length L and volume V = L3 filled with a
melt of symmetric (f = 0.5) diblock copolymer chains at
(bare) χN = 12 and N̄ = 104, as considered before.33

This implies the system is in a disordered phase close to
the order-to-disorder transition. The resolution of the
cubic grid is set to L/m = 0.2R0. We initially consider
a box of size L = 1.6R0 and M = m3 = 83 grid points,
and later on also larger systems are examined.

IV. DEFINING EFFICIENCY

We need to have a suitable measure for the efficiency
of the various algorithms as described in Sec. II. It would
be tempting to take the largest integration timestep that
entails accurate results. However, this fails for the MC
algorithms because some of the attempted moves are re-
jected, and therefore it does not represent the same time
as with Langevin dynamics. We find that this is even
the case if one uses an effective time, by multiplying the
actual time with the probability that the move will be
accepted. Instead, in this section we develop a differ-
ent efficiency measure, by focusing on how quickly the
(internal) energy H is being explored.

To develop and illustrate the efficiency the sampling
algorithms in section Sec. II are applied to FTS (section
Sec. III). For this we replace x → W−,i, Dx → DW ,
and the energy U and its first and second derivatives −F
(negative of the force) and k (effective spring constant)
are given by eqs. 7, 11 and 13. Furthermore, units for
which kBT = DW = ζ = 1 are used. All fields values
{W−,i} (∀i ∈ {1, 2, . . . ,M}) are altered after each in-
tegration step, but each using different (pseudo)random
numbers. If the field values {W−,i} are changed by a
small amount after one integration step, the energy H
will change by a small amount accordingly. To see the
quantitative change of the latter over multiple steps, we
consider the mean-square displacement (MSD) of the en-
ergy as a function of the number of integration or at-
tempted MC steps nsteps

〈(βH(n0 + nsteps)− βH(n0))2〉 (14)

Here the ensemble-average 〈· · · 〉 is over different start-
ing configurations n0 (typically every 10th integration
step during a long run). Expanding the brackets in
eq. 14 gives 〈βH(n0 +nsteps)

2〉+ 〈βH(n0)2〉−2〈βH(n0 +
nsteps)βH(n0))〉. For a stationary process and com-
plete decorrelation (nsteps sufficiently large) the last term
equals −2〈βH〉2 and hence the total expression reduces
to 〈∆βH2〉sat ≡ 〈(βH)2〉 − 〈βH〉2 = CV /kB . Its satura-
tion value is therefore proportional to the heat capacity
CV .1
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FIG. 1. Mean-square displacement of βH: (a) vs number of
integration steps 〈(βH(n0 +nsteps)−βH(n0))2〉 averaged over
n0. (b) vs time t = nsteps∆t, 〈(βH(t0 + t) − βH(t0))2〉, av-
eraged over t0 = n0∆t. Dashed black line indicates linearity.
This illustrates that the exploration of the fluctuations of H
is proportional to the integration time step; a larger time step
is exploring the fluctuations faster and hence more efficient.
Data is obtained using the Ermak BD algorithm for M = 83.

In fig. 1(a) the MSD of the total energy is given by
employing the Ermak algorithm (eq. 3) for sampling the
fields, using two different integration timesteps. For ∆t =
0.0025 the crossover to the constant value of the energy
fluctuations, CV /kB , is reached after around nsteps =
2500 integration steps. If we were to use instead ∆t =
0.025 we see that it is reached 10 times quicker, after
around 250 integration steps. Were the computational
cost per integration step independent of ∆t, then the
∆t = 0.025 version of the algorithm would be 10 times
more efficient.

If plotted instead as a function of time t = nsteps∆t,
fig. 1(b), we see that the two curves overlap and the time-
relation of the MSD is a universal curve. In particular,
the MSD of the (dimensionless) energy βH

〈(βH(t0 + t)− βH(t0))2〉 (15)

initially increases linearly with time, 2DβHt (dashed
lines in fig. 1(b)). It is a diffusion process with DβH

a diffusion constant. Let us define the crossover time
tcrosss as the time when the linear regime intersects the
constant regime, 2DβHtcross = 〈∆βH2〉sat, so tcross =

10 3 10 1 101 103 105

t

10 5

10 3
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101

103

(
H

(t
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+
t)

H
(t

0)
)2

t 0

Ermak BD
BAOAB Langev.
LM Langev.
simple MC

FIG. 2. Mean-square displacement of βH (eq. 15) for the Er-
mak BD algorithm, for two algorithms with an inertial term,
and for the simple MC algorithm. The mass for BAOAB is
µBAOAB = 100. The first three algorithms have ∆t = 0.0025,
while the MC algorithm has ∆t = 0.118 (paccept = 0.093).
Dashed and dotted lines are of slope 1 and 2, respectively.
Data is for M = 83.

〈∆βH2〉sat/(2DβH) or

nsteps,cross =
〈∆βH2〉sat

2∆tDβH

≈ CV
kB〈(βH(t0 + ∆t)− βH(t0))2〉

(16)

since DβH∆t ≈ 1
2 〈(βH(t0 + ∆t) − βH(t0))2〉 in the lin-

ear regime, and 〈∆βH2〉sat = CV /kB . Hence, provided
we are in the linear regime, the MSD of the energy af-
ter a single integration step ∆t equals an algorithm-
independent constant divided by nsteps,cross. We conclude
that the MSD after one step determines the efficiency of
diffusional algorithms discussed in Sec. II, such as the
Ermak Brownian dynamics algorithm, the predictor cor-
rector and the various Monte Carlo algorithms.

For algorithms with an inertial term the shape of the
MSD curve changes. This is illustrated in fig. 2, when
we integrate the Langevin equations for the fields {W−,i}
(eq. 1) using the BAOAB28 and its BAOAB-limit variant,
the LM Langevin algorithm (eq. 5). The inertial term
present in the Langevin equation manifests itself as a
ballistic regime in the MSD; the energy initially increases
quadratically with time (dotted line) as exemplified by
the BAOAB algorithm. At some point its MSD does
change to a linear increase – it will have the same slope 1
as the dashed lines on this double-logarithmic plot. The
resulting diffusion constant is lower than for the Ermak
algorithm, but it does not imply BAOAB is less efficient
since the measure eq. 16 involves the product with ∆t,
DβH∆t.

The LM Langevin algorithm (BAOAB-limit method)
exhibits a very short inertial regime and it is straightfor-
ward to show that the diffusion coefficient is twice the
value one would get if the MSD in the energy after one
integration step would be extended linearly. We define
cD as this ratio, so for LM Langevin we have cD = 2,
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while for Ermak BD, PC BD and the MC algorithms
cD = 1. The value of cD for the BAOAB algorithm
is less trivial, but we found that BAOAB has a similar
maximum efficiency as the LM method albeit at an in-
creased complexity. To reduce the amount of algorithms
to report we will therefore not consider the full BAOAB
method any further. We can observe in fig. 2 that the
MSD for the LM Langevin algorithm for t & 10∆t is
indistinguishable from the Ermak BD algorithm, so it
is indeed diffusive with the same diffusive constant at
larger timescales. Furthermore, as expected we observe
in the same figure that the simple MC algorithm shows
(similar to the Ermak BD algorithm) a purely diffusive
(non-ballistic) regime for small times.

One issue with the MSD in the total energy is that it
saturates. As a result, algorithms with a large integra-
tion timestep reaching the saturation regime, ∆t & tcross,
do not appear to be improving much any more: a twice
larger timestep does not result in a twice larger MSD.
There is a resolution to this, though. For diffusive mo-
tion in a parabolic potential U(x) = 1

2kx
2 the analytical

solution for the mean-square displacement equals40,41

〈(x(t+ t0)− x(t))2〉parabola

= 〈∆x2〉sat

(
1− exp

(
− 2Dxt

〈∆x2〉sat

))
(17)

Inspired by this solution, we transform the MSD eq. 15
via the autocorrelation function42

C1(t) =
〈(H(t0 + t)− 〈H〉)(H(t0)− 〈H〉)〉

〈(H(t0)− 〈H〉)2〉

= 1− 〈(H(t0 + t)−H(t0))2〉t0
〈∆H2〉sat

(18)

The last equality follows from assuming a stationary pro-
cess. If we subsequently define

C2(t) = −〈∆βH2〉sat log(C1(t)) (19)

then for the analytical solution of a diffusive particle in-
side a parabolic potential we would have C2(t) = 2Dxt.
Hence C2(t) is similar to the MSD, eq. 15, but now with-
out a saturation regime.

In fig. 3 C2(t) along with the original MSD (eq. 15)
is plotted upon employing the LM Langevin algorithm
with ∆t = 0.0025. Note that up to t ≈ 1 the two correla-
tion functions are indeed nearly identical. Afterwards the
MSD saturates, while the C2(t) correlation function con-
tinues exhibiting a linear diffusive regime. It is extended
by over an order of magnitude in time, exactly as we
wanted. Eventually statistical noise takes over – C1(t)
would fluctuate around 0 – and we will not be able to
use this regime to test the efficiency of algorithms. Nev-
ertheless, the order of magnitude extension using C2(t)
is sufficient for current purposes, although one could em-
ploy some averaging to C1(t) to observe the linear regime
even longer.43
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FIG. 3. Mean-square displacement (eq. 15) and C2(t) (eq. 19)
of βH for the LM Langevin algorithm. Note that as opposed
to the MSD the correlation function C2(t) has an extended
diffusive range till around t = 30. Data is for M = 83 and
∆t = 0.0025. Dashed line has slope 1 and with the value at
∆t twice the MSD for the LM Langevin simulation results at
∆t.

We incorporate the ballistic effects described by the
aforementioned cD factor for the LM Langevin algorithm
by considering

C3(∆t) = cDC2(∆t) (20)

with C2 given by eq. 19. It implies that C3(∆t) for
the Ermak BD algorithm would be identical to the LM
Langevin algorithm for small values of ∆t, since cD cor-
rects for the ballistic effects in the latter algorithm, and
we can therefore treat these algorithms on an equal foot-
ing.

One more element to incorporate is the computational
cost per integration step. It consists of the number of
force or energy evaluations per integration step, and as-
sociated number of iterations due to the self-consistency
condition of the fields w+. The computational cost for
FTS is dominated by solving the modified diffusion equa-
tion for determining Q and this needs to be carried out
for each iteration. The resulting average number of iter-
ations 〈nit〉 using Anderson mixing per integration step
is therefore directly proportional to the computational
cost. We therefore will present the efficiency in terms of
C3(∆t)/〈nit〉.

V. RESULTS

If there were no integration errors, the maximum sam-
pling efficiency would be achieved with the largest value
of C3(∆t)/〈nit〉 (with C3(∆t) defined by eq. 20) and
hence a larger integration step is typically better. The
non-MC algorithms do suffer from integration errors, and
they become more apparent with increasing timestep. In
fig. 4(a) the average energy per chain 〈βH〉/nc as a func-
tion of integration step for a few algorithms is shown.
Also included is the stability limit for the Ermak BD,
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FIG. 4. Testing the accuracy of the different algorithms for
M = 83 fluctuating grid cells. (a) Average energy per chain
〈H〉/(kBTnc) as a function of timestep. The pred. corr. algo-
rithm allows for a 10 times larger integration timestep than
the linear Ermak algorithm, while the LM Langevin algo-
rithm allows a further 10 times larger integration timestep
before the energy starts to deviate considerably. (b) Average
value of the logarithm of the partition function, 〈log(Q)〉, as
a function of the integration timestep. The vertical dotted
line is the maximum stable integration timestep for the non-
MC algorithms (table II), and the horizontal dashed line the
expected value of the energy based on small values of ∆t.

pred. corr. BD and LM Langevin algorithms, for all of
them ∆tmax = 2/k (note that this expression has units
as described in Sec. IV and table II). Plugging in the
value for k for real-FTS, eq. 13, renders this limit equal
to ∆tmax = χNM/nc and is indicated as the vertical
dotted line in fig. 4.

The straightforward Ermak BD algorithm has the
largest integration error; for ∆t = 0.125 the energy de-
viates by around 1% from its equilibrium value. The
variant of the predictor corrector BD algorithm used be-
fore in real-FTS,13 eq. 4, allows for a roughly 10 times
larger timestep before the average energy starts to devi-
ate significantly. The LM Langevin algorithm, that we
introduced here for FTS for the first time, turns out to
be the best. It has almost no visible integration error
up to where the integration algorithm becomes unsta-
ble. The three MC algorithms do not possess any inte-
gration error and hence their accuracy is independent of

step size (their drawback are the rejections). In fig. 4(b)
the average of the logarithm of the single-chain partition
function 〈log(Q)〉 is shown, and the trends are similar.
In fig. 5(a) the average number of iterations per integra-
tion step 〈nit(∆t)〉 is shown for some of the integration
methods. For a very small integration timestep, ∆t, the
compositional field, W−, does not change much, and as
a result neither w+ so that the amount of iterations is
small. The iterations will increase upon increasing the
timestep and most algorithms follow roughly the same
trend initially, since they are purely diffusional in nature.
There are two exceptions. The PC algorithm needs more
iterations because it has two force evaluations per step.
To illustrate this, the amount of iterations needed for
solely the predictor phase is also included as a red dashed
line. For very large integration steps the two evaluations
per step leads to a nearly doubling of 〈nit〉 as compared
to single-force or energy evaluations per integration step
of the other algorithms. The LM Langevin algorithm, on
the other hand, needs less iterations for a certain ∆t than
the diffusional algorithms. This is because the change in
W−,i after one step is smaller and hence two subsequent
configurations are closer to each other, so that the old
value of w+ is already a reasonable estimate for the new
value of w+. Due to the inertial effect the change in W−,i
(and hence in βH) after many steps is still the same as
for the diffusional algorithms, such as for the Ermak BD
algorithm (fig. 2). Furthermore, various algorithms show
an upshoot in 〈nit〉 at large timesteps, which is presum-
ably caused by integration errors. In contrast, the exact
OU MC algorithm doesn’t show this behaviour. Results
for a box size twice as large (8 times larger volume) are
shown in fig. 5(b). Observe that 〈nit〉 is now slightly
higher and we infer our Anderson mixing is not system-
size independent, but takes slightly longer for this larger
box.

Now that the accuracy and computational cost per in-
tegration step for the various algorithms is determined,
we can look at their efficiency and in particular opti-
mize it with respect to time step, ∆t. In fig. 6 C3(∆t)
of the energy (eq. 20, which is proportional to the MSD
of the energy for small values) after one integration step
normalized by the number of iterations after one inte-
gration step 〈nit(∆t)〉 is shown. As discussed in Sec. IV
this is a measure for the computational efficiency of the
algorithm. All the MC algorithms are not hindered by
integration errors and hence their maximum efficiency is
given by the timestep for which this graph shows a maxi-
mum. That there is a maximum is caused by the increase
in rejection rate upon increasing the step size. This hin-
ders the effective exploration of the energy fluctuations.
In particular for the simple MC the most efficient move is
therefore restricted to a small timestep, ∆toptimal ≈ 0.03
for M = 83 (corresponding to ≈ 40% acceptance) and it
is therefore not a competitive algorithm. For M = 163

it is even worse, there the optimum timestep is approx-
imately an order of magnitude smaller. Smart MC im-
proves it by nearly two order of magnitudes for M = 83
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FIG. 5. Average amount of iterations using Anderson mixing
for the various algorithms, for (a) M = 83 grid points and (b)
M = 163. The dashed red line is for the predictor phase of
PC, while the solid red line for the entire PC algorithm. The
vertical dotted line is as in fig. 4.

(with ∆toptimal ≈ 1), and it also worsens with system size
albeit not so quickly. For FTS the newly introduced OU
MC algorithm is even better than smart MC, by about
a factor of two – ∆toptimal ≈ 2 for M = 83. For both of
them we find 70–80% acceptance at the optimal values
of ∆t.

The non-MC algorithms have 100% acceptance, but
are affected by integration errors that also effect the effi-
ciency determination. Therefore we also include the ex-
pected behaviour if there were no such errors in fig. 6,
namely

C3,diff(∆t) = 2DβH∆t (21)

where DβH is determined from a simulation
with sufficiently small ∆t. The resulting curves
C3,diff(∆t)/〈nit(∆t)〉 are shown as dashed lines. Note
that the predictor corrector algorithm only shows a
maximum in the uncorrected solid curve. Hence the
apparent maximum in the efficiency is caused by un-
derestimating the MSD or C3(∆t) of the energy due to
numerical inaccuracies for PC for such large time steps,
and not by the increase in the number of iterations
as was concluded in a different study.13 The Ermak
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FIG. 6. Efficiency of the various algorithms vs ∆t, defined as
C3(∆t)/〈nit(∆t)〉, which is a measure on how fast energy fluc-
tuations are being explored after each timestep. It is divided
by the average number of iterations 〈nit〉, since the computa-
tional cost is proportional to this. The maximum efficiency is
determined by seeking the integration timestep for which this
quantity is largest, conditioned to an allowable error thresh-
old. The dashed lines for the non-MC algorithms use the
relation C3(∆t) = 2DβH∆t. The vertical dotted line is as in
fig. 4 (a) M = 83 (b) M = 163.

BD and LM Langevin algorithms slightly overestimate
the MSD due to the numerical integration errors.
As opposed to the MC algorithms, the most efficient
timestep for these algorithms are limited by the amount
of numerical inaccuracy that one is willing to accept.
For a maximum deviation in energy of 0.002 nckBT ,
Ermak BD has ∆toptimal = 0.075 (fig. 4), while for LM
Langevin ∆toptimal ≈ 12.5. The latter is far better than
all the alternatives, and hence our algorithm of choice.

The resulting maximum efficiency as a function of sys-
tem size, characterized by the amount of grid cells M , is
plotted in fig. 7. To allow for a fair comparison we use
C3,diff(∆t) for the non-MC algorithms (since otherwise
the integration errors would underestimate the efficiency
of the PC algorithm and overestimate the Ermak and
LM Langevin algorithms). The results are plotted both
per total number of iterations and total number of sys-
tem (force or energy) evaluations. The latter is relevant
to complex-FTS,8 since then there are no iterations. We
can verify the statements on MC mentioned in Sec. II.
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Method
83 grid cells 163 grid cells

∆toptimal accept. eff. ×10−3 ∆toptimal accept. eff.×10−3

real space Monte Carlo 0.025 38% 0.077 0.00375 39% 0.014

Ermak Brownian dynamics 0.075 100% 0.82 0.075 100% 0.70

smart Monte Carlo 1.25 73% 6.2 0.5 80% 2.7

predictor corrector Brownian dynamics 1.25 100% 6.7 1.25 100% 5.9

OU Monte Carlo 2.5 75% 10 1.25 73% 5.0

LM Langevin dynamics 12.5 100% 80 12.5 100% 68

TABLE III. Numerical values of the efficiency per grid cell of the various algorithms as given in fig. 7(a) for M = 83 and
M = 163 grid cells. The higher value, the better. Notice that the associated optimal timesteps ∆toptimal for the MC algorithms
decrease with system size, while for the other algorithms they are invariant.
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FIG. 7. (a) Efficiency of each move per grid cell, defined as
C3(∆toptimal)/(M〈nit(∆toptimal)〉) (using eq. 21 where appro-
priate) vs number of fluctuating grid cells M . Here ∆toptimal

is determined by the value that maximizes the efficiency, sub-
ject to the condition that the energy 〈H〉/nc does not deviate
more than 0.002kBT . The higher efficiency, the better. Dot-
ted, dash-dotted and dashed lines have a slope of 0, −1/3
and −1, respectively. See table III for corresponding val-
ues of ∆toptimal. (b) Same, but with normalization by the
number of force evaluations per step cF instead of iterations,
C3(∆toptimal)/(McF ).

The simple MC scales very badly with system size; the
computational cost per grid cell goes as O(M) since only
energy changes of the order of several kBT are accepted.
With more grid cells, the total energy change per grid cell
has to decrease and hence smaller timesteps are needed.
Smart and OU MC have a more favourable scaling of
∼ O(M1/3) per grid cell. This power of 1/3 is related to
that for smart MC the probability of acceptance is ap-
proached cubically with step size44 instead of linearly as
with simple MC when the step size xn+1′ − xn (which
is proportional to the square root of ∆t) is decreased.
Still, they demand smaller timesteps for larger system
sizes, making large scale simulations prohibitively more
expensive. The non-MC algorithms do not suffer from
this and they all allow for a system-size independent in-
tegration timestep. In this respect the only expense per
grid cell that increases up is the somewhat system-size
dependence of Anderson mixing. Hence they all are at
some point better than the MC algorithms, although for
Ermak this crossover may only occur for M ≈ 643 when
comparing it with the most competitive MC algorithm,
OU MC. In contrast, the PC algorithm is already com-
petitive for M ≈ 163. Nevertheless, the LM Langevin
algorithm is always better for the considered values of
M , and hence advised to use if one is willing to accept
an error of 0.002 kBTnc in energy.

VI. CONCLUSION, DISCUSSION AND OUTLOOK

We have shown that the Leimkuhler-Matthews
Langevin algorithm (aka BAOAB-limit method)28,29 is
around a factor of 10 more efficient for real-FTS than
the commonly applied predictor corrector Brownian dy-
namics algorithm.13 This allows for a vast improvement
in simulation capability and opens up new avenues for
real-FTS, and reduces computation energy wastage. Fur-
thermore, we introduced a new Monte Carlo (MC) al-
gorithm, named Ornstein-Uhlenbeck MC. The non-MC
variant does not have any instability criterion, but its
accuracy is not as good as the LM Langevin. The MC
variant, however, is shown to be twice more efficient than
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smart MC8 and at least 100 times more efficient than
simple MC.8,9,11 If one is interested in very small inte-
gration errors and not too large system sizes, then this
MC scheme may becomes competitive to the BD and
Langevin algorithms. Nevertheless, all these MC variants
suffer from decreased efficiency with system size and are
therefore not suited for large system sizes. That is, un-
less solving the diffusion equation can somehow be split
into distinct regions.

We further noticed that the Anderson mixing also suf-
fers slightly from a decreased efficiency with larger sys-
tem size. An initial estimate for the self-consistent field
using a deep-learning approach may be able to speed up
convergence,45,46 and it would be interesting to see the
dependence on system-size. In a previous FTS study13

it was stated that the corrector step in the predictor cor-
rector (PC) algorithm may even be dropped without any
noticeable sacrifice in accuracy. Here we do find that PC
leads to a substantial improvement, by almost one order
of magnitude. We also do not find a (local) maximum in
the timestep ∆t/〈nit〉, although if only considering the it-
erations during the corrector stage such a local optimum
is found. The Anderson method currently in use has a
dynamically adjusted mixing parameter,37 as opposed to
a prescribed mixing parameter.47 The latter may work
well in certain situations, but if integration errors in-
crease, the Anderson may be enabled too quickly.

Part of the reason for the increase in efficiency for the
LM Langevin algorithm over other algorithms is that it
has memory (or inertia). This allows for a smaller step-
size (leading to smaller integration errors), but the dis-
tance travelled after a few steps is almost the same as for
a purely diffusive algorithm. Having memory does affect
some other algorithms. E.g., if parallel tempering is used
between different values of χN ,11,33,34 then in addition
to swapping the fields W−,n(~r) the random noise Zn(~r) is
part of the configuration and also needs to be swapped.

The reported efficiencies and allowable timesteps are
based on the accuracy of the expectation value of the
energy H, in accordance with previous studies,26 and in
particular on a fixed amount of deviation from the ex-
pected value. One could also consider other quantities,
such as log(Q) in fig. 4(b). It is less susceptible to inte-
gration errors and hence the resulting relative efficiencies
would change. Such behaviour was observed before48 in
that large errors in the individual propagators largely
cancel in the resulting concentration φ, which is a func-
tion of Q. Nevertheless, 〈H〉 directly determines the free
energy of the phase,49–52 and is therefore important for
accurate phase diagram calculations which is one of the
main usage of FTS.50

In complex FTS, where there is no saddle point ap-
proximation, the so-called ETDPEC26 has shown to be
a very efficient integrator; it works also up to the insta-
bility criterion. It is a variant of the predictor corrector
algorithm and as a result it does need two field evalua-
tions. Also, the generalization to the multi-component
compressible case needs tuning various parameters. In

contrast, the LM method is much simpler, the instabil-
ity criterion for the single parameter ∆t can be derived
analytically and it only involves one field evaluation. Al-
though we confined the present study to real-FTS, in the
future it would be interesting to test the performance on
complex-FTS.
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